Abstract. Previous calculations of spectral density functions for like-spin magnetic dipolar interactions between spins undergoing two-dimensional diffusion are extended to the hexagonal lattice and the honeycomb structure. The diffusion models used are the random-walk and meanfield models. Analytic approximations to the functions are obtained. It is shown that the simple function proposed by Richards cannot provide good accuracy over the whole range of frequency and temperature, and a modified function is suggested.
Introduction
Nuclear spin relaxation is an excellent technique for detecting and analysing twodimensional diffusion. In the low-frequency or high-temperature limits the spectral density functions of the microscopic field fluctuations, and the consequent relaxation rates, have a logarithmic frequency dependence which is characteristic of two-dimensional diffusion (Sholl 1981) . This has been used to show, using a variety of spin-relaxation techniques, that diffusion is essentially two dimensional in some intercalation compounds and layered compounds and on some crystal surfaces (see, for example, Heitjans et al (1991) , McDowell et al (1995) , Ebinger et al (1996) , Kimmerle et al (1997) and references therein). The logarithmic frequency dependence is sufficient to confirm that the diffusion is two dimensional, but the form of the spectral density function over the entire range of frequencies is required to deduce details of the diffusion, such as the mean atom jump rate and the contribution to the diffusion from jumps between planes.
A simple spectral density function of the form log[1 + 1/(ωτ ) 2 ], where τ is the mean jump rate, has been suggested by Richards (1978) for two-dimensional diffusion. This function has the correct functional form for both large and small ωτ , but it will not necessarily show the correct rate of approach to the limits and its accuracy for intermediate ranges of ωτ is not clear. Detailed calculations of spectral density functions are required to provide a firm basis for analysing relaxation data over the entire range of temperature and frequency, and to assess the accuracy of simple approximations such as that due to Richards. Spectral density functions for like-spin magnetic dipolar interactions between spins undergoing two-dimensional diffusion on a square lattice, have been obtained by Stephenson and Sholl (1993) (to be referred to as SS). These calculations were carried out for random-walk and mean-field diffusion models and were compared with previous D H MacDonald et al continuum diffusion theories. The mean-field results provide exact spectral density functions in the limit of low concentration of diffusing spins and provide a reasonable approximation at other spin concentrations.
Two-dimensional diffusion commonly occurs in hexagonal systems and the aim of this paper is to extend the previous calculations to models of diffusion on the hexagonal lattice and the honeycomb structure. The extension to the hexagonal lattice is a straightforward application of the theory, but the honeycomb structure introduces complications because it is not a Bravais lattice.
The next section describes the dependence of the spectral density functions on the magnetic field direction, and outlines the general method of calculation of the functions for a crystal with several sites per unit cell. The following section evaluates expressions for the probability functions required for each of the random-walk and mean-field models. The results are then presented and analytic approximations are given which allow the spectral density functions to be easily reproduced. It is shown that the simple function suggested by Richards cannot provide good accuracy over the entire range, and a modification of it is suggested.
Spectral density functions
The spectral density functions J (p) (ω) depend on the orientation of the applied magnetic field with respect to the plane of diffusion. For the hexagonal lattice and the honeycomb structure the functional dependence is (SS, Sholl 1986 )
where c is the fraction of sites occupied by spins, Y 2p ( ) are normalized spherical harmonics relative to the normal to the plane and P (r α , r β , ω) is the real part of the complex Fourier transform
of P (r α , r β , t), which is the probability of a pair of spins being separated by r β a time t after they were separated by r α . The relaxation rates are linear combinations of these spectral density functions (see, for example, Sholl 1986 ). The angular dependence of J (p) (ω) in equations (1)- (3) is appropriate for nuclear spin-relaxation experiments using single crystals. For polycrystalline samples, it is a reasonable approximation to replace the average over relaxation rates by an average over the spectral density functions (Barton and Sholl 1976) , and each of the
As described in SS, an efficient practical approach for the evaluation of equation (4) is to use a reciprocal-space formalism. The extension of this theory to non-Bravais lattices requires consideration of the possible types of relative separation of a pair of diffusing spins in relation to the basis of the crystal structure. For a basis of B sites per unit cell there are B 2 types of separation of a pair of spins for each of r α at time zero and r β at time t. The reciprocal-space expression for J pp (ω) for non-Bravais lattices then becomes
where P mn (q, q , ω) is the temporal and spatial Fourier transform of P (r α , r β , t) for a pair of spins with a separation of type m at time zero and a separation of type n at time t. It has been assumed that the probability of occupation of a site by a spin is the same for all sublattices. The functions T p (q, j) are the Fourier transforms of Y 2p ( α )/r 3 α for spins separated by l + j, where l is a lattice vector, and expressions for their evaluation are given in the appendix of SS. The integrals are over the first Brillouin zone of the reciprocal lattice, with the area element dq = A dq 1 dq 2 , where A is the area of the two-dimensional unit cell.
Care must be taken in the use of P (q, q , ω) in equation (6). The real part of the temporal Fourier transform is required, but this cannot be obtained by taking the real part of P c (q, q , ω) when P (q, q , t) is complex, which can occur for non-Bravais lattices. The appropriate procedure is to evaluate [P c (q, q , ω) + P c (q, q , −ω)]/2 and use this form in equation (6).
The simplest lattice diffusion model is the random-walk model for which each of a pair of spins is assumed to undergo a random walk with a mean time τ s between jumps. Both spins may therefore occupy a particular site in this model, but this case is excluded from contributing to the expression (6) through the definition of T p (q, j). The site-blocking effects of a pair of spins are correctly taken into account in the mean-field model, which provides an exact analysis of the lattice diffusion of a pair of spins on a lattice. The meanfield model therefore provides an exact calculation of the spectral density functions in the limit of low spin concentrations. An approximation for an arbitrary spin concentration c is obtained by using the mean-field results with τ s taken as the mean time between jumps of a spin at that spin concentration; the correlations between the diffusion of a pair of spins and all other spins are then included in an average manner. Random-walk and mean-field expressions for the diffusion probabilities are obtained in the next section for diffusion on the hexagonal lattice and honeycomb structure.
Probability functions

The hexagonal lattice
The probability functions P (q, q , ω) for the hexagonal lattice are a straightforward application of the theory described in SS for the square lattice, for both the random-walk and mean-field models. The random-walk expression for P (q, q , ω) for any Bravais lattice is
where τ = τ s /2, with τ s the mean time between jumps of a single spin, φ(q) is the lattice structure factor given by
and w k is the probability that a jump of a spin at the origin will be to r k . For the hexagonal lattice, with a 120
• unit cell and lattice parameter a, the values of w k are 1/6 and
The mean-field theory gives an integral equation with a separable kernel for P (q, q , ω) and the method of solution is similar to that used by SS, Barton and Sholl (1976) and Fedders and Sankey (1978) . The solution is
where the functions d 0 (q, ω) and f i (q) are
Expressions for L ij (ω) are given in the appendix.
The honeycomb structure
The honeycomb structure may be described as two displaced hexagonal lattices as shown in figure 1. The vectors a 1 and a 2 are the basis of one hexagonal lattice, with a 1 = a 2 = √ 3a, where a is the length of a segment of a honeycomb hexagon. The sites on this lattice will be denoted as type 1 sites. The second hexagonal lattice is displaced from this lattice by b = (a 1 + 2a 2 )/3 and these lattice sites will be denoted as type 2 sites. The complete set of type 1 and type 2 sites form the honeycomb structure. Each site has three nearest neighbours: for type 1 sites they are b − p k and for type 2 sites they are b + p k , where p 1 = 0, p 2 = a 2 and p 3 = a 1 + a 2 , which are hexagonal-lattice vectors. The different types of probability P (r α , r β , t) will be denoted as P mn (l, l , t) (m, n = 1 to 4): m = 1 and 2 denotes an initial separation of l with both spins at type 1 and type 2 sites, respectively, m = 3 denotes an initial separation of l + b with the spin at the origin a type 1 site and the other spin a type 2 site, m = 4 denotes an initial separation of l − b with the spin at the origin a type 2 site and the other spin a type 1 site. A corresponding notation using l and the index n describes final spin separation types.
The probability functions for the mean-field theory can be obtained from the following rate equations for P mn (l, l , t) :
The variable l in P mn (l, l , t) has been suppressed throughout. The Kronecker delta functions in these equations represent the terms for which jumps cannot occur due to site blocking. If these delta functions are omitted, the equations become those for the random-walk theory. The initial conditions for the equations, in the mean-field theory, are
The initial conditions for the random-walk theory omit the term δ l ,0 . Taking the spatial Fourier transform with respect l and l , and the temporal transform (5), of these rate equations and initial conditions gives the matrix equation
where the elements of P are the transformed probability functions P mn (q, q , ω) 
These expressions have been written in terms of τ = τ s /2. The elements of the matrix X are
where the structure factor φ(q) for the honeycomb structure is
The corresponding equations for the random-walk theory have X = 0 and D = DI where I is the identity matrix. The probability functions for the random-walk theory of the honeycomb structure are then given immediately by DY −1 .
Figure 2. Spectral density functions g 00 (ωτ ) for a simple random-walk model and the meanfield model on the square, hexagonal and honeycomb structures. The approach of the mean-field model to the − log(ωτ ) limit for small ωτ is shown in the inset. In all of these, the results for the square and honeycomb structures have been multiplied by 2 and 0.5 respectively for clarity.
To obtain the probability functions for the mean-field theory it is necessary to evaluate the matrix X. This is achieved by defining K mk (q, ω) and L mk (q, ω) (m = 1 to 4, k = 1 to 3) to be (−q) and allow the calculation of the elements of X. The final expressions for evaluating P mn (q, q , ω) for the mean-field theory are given in the appendix.
Results
The probability functions in the previous section were used to calculate the spectral density functions J 00 (ω) and J 22 (ω), using equation (6), for the hexagonal lattice and honeycomb structure for both the random-walk and mean-field models. The high-frequency limit of these functions can be calculated independently of the above theory by considering the probabilities of zero or one jump of each of a pair of spins (Barton and Sholl 1980) . This calculation was performed in all cases as a check on the results. 
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The results are presented in terms of the dimensionless functions g pp (ωτ ) defined by
where τ = τ s /2 and S pp are constants which depend only on the geometry of the structure (SS). The values of S pp are given in table 1. Graphs of the calculated spectral density functions are shown in figures 2 and 3, which also include the results for the square lattice (SS) for comparison. As in the case of the square lattice, all functions show 1/(ωτ ) 2 behaviour in the large-ωτ limit, g 22 (ωτ ) approaches a constant as ωτ → 0 and g 00 (ωτ ) diverges as log(ωτ ) in the small-ωτ limit. The general forms of the functions are similar for all three structures and the magnitudes are also similar, so the results have been suitably scaled in the graphs to separate the curves. There are, however, differences in detail between the results for each structure and between the random-walk and mean-field results. Table 2 . Parameter values for the analytic approximation g a 00 (ωτ ) (equation (31)) for the random-walk (RW) and mean-field (MF) models of diffusion on the square, hexagonal and honeycomb structures. The maximum deviation, , of g a 00 from the true spectral density function g 00 in each case is also shown. Analytic approximations for the functions have been developed so that they can be easily reproduced. These are
and
where the values of A, B, C, w, a i , a, b, c, d, u and v Figure 4 . The spectral density function g 00 (ωτ ) for the mean-field model on the honeycomb structure. The broken line shows the best fit of the function g R 00 (ωτ ) (equation (33)).
density function does not have a logarithmic divergence in the small-ωτ limit. Secondly, a function A log[1 + B/(ωτ ) 2 ] with only two parameters cannot fit g 00 (ωτ ) in both the low-frequency limit, of the form a 1 − b 1 log(ωτ ), and the high-frequency limit, of the form a 2 /(ωτ ) 2 . However, a modified function with four parameters, of the form and an example of the quality of the fit is shown in figure 4 . The function is quite accurate for both small and large ωτ but can have errors of ∼30% in the intermediate regions.
Conclusion
The spectral density functions calculated from the mean-field model provide an accurate means of analysing nuclear spin-relaxation data for like-spin magnetic dipolar interactions between spins undergoing translational diffusion on a two-dimensional hexagonal lattice or the honeycomb structure. The functions provide a rigorous solution for diffusion at low spin concentrations and are likely to be a reasonable approximation at other concentrations. The method used for non-Bravais lattices could, in principle, be extended to more complex structures. This would be straightforward for the random-walk model, but the mean-field model is considerably more complicated and the increase in algebraic complexity and computing required for this model could be appreciable. 
The probability functions for the mean-field theory of the honeycomb structure may be calculated from the following equations: 
where the elements of the 4 × 3 matrices K and L are obtained from
where the 4 × 6 block matrix M = (K, L). The matrix I is the 6 × 6 unit matrix, and the elements of C and E are C jk = 2U k − 2V 
where the functions F mk , U k and V (l) jk are F mk (q, ω) = e −iq·p k NW φ * m = 1, 2 (A24) 
for j and k = 1, 2, 3 while for j and k = 4, 5, 6
F mk (q, ω) = F m,k−3 (q, ω) m = 1, 2, 3, 4 (A30)
and W , N and φ(q) are defined in section 3.
